In some applications of frequency estimation, it is challenging to sample at as high as Nyquist rate due to hardware limitations. Based on conventional ESPRIT, a new method for frequency estimation with double-channel sub-Nyquist sampling is proposed. When the two undersampled multiples are relatively prime integers, partial samples are selected to estimate the frequency components contained in the signals via ESPRIT. The simulations show that the proposed method holds almost the same accuracy with regular sampling.
Introduction: Frequency estimation of multiple sinusoids has wide applications in communications, audio, medical instrumentation and electric systems. Frequency estimation methods cover classical modified DFT [1] , subspace techniques such as MUSIC and ESPRIT [2] and other advanced spectral estimation approaches [3] . In general, the sampling rate of the signal is required to be higher than twice the highest frequency (i.e. Nyquist rate). However, it is challenging to build sampling hardware when signal bandwidth is large. When the signal is sampled at subNyquist rate, it often leads to aliasing and attendant problem of frequency ambiguity.
Many methods have been proposed to estimate frequency with subNyquist sampling. To avoid the frequency ambiguity, Zoltowski proposed a time delay method which requires the time delay difference of the two sampling channels less than or equal to the Nyquist sampling interval [4] . By introducing properly chosen delay lines, and by using sparse linear prediction, the method in [5] provided unambiguous frequency estimates using low A/D conversion rates. The authors of [6] made use of Chinese Remainder Theorem (CRT) to overcome the ambiguity problem. Some scholars used multi-coset sub-Nyquist sampling with different sampling rates to obtain unique signal reconstruction [7] . These methods usually require much hardware or complicated calculations, which makes the practicability discounted. Based on emerging compressed sensing theory, sub-Nyquist wideband sensing algorithms and corresponding hardware were designed to estimate the power spectrum of a wideband signal [8] . However, the sampling pattern in compressed sensing is usually required to be random, which becomes an obstacle to practical applications.
In this letter, a new method which just requires double-channel subNyquist sampling is proposed. We design proper sampling rates and select sufficient samples. Due to the good performance of ESPRIT, our method also has low computational cost and high accuracy.
Sampling strategy: Consider a signal x(t) containing K frequency components with unknown constant amplitudes and phases, and that additive noise is assumed to be a zero-mean stationary complex white Gaussian random process. The samples of the signal at sampling rate f S = 1/∆t can be written as
where f k is the k-th frequency, s k is corresponding complex amplitude, and w(n) is additive Gaussian noise. Assume that the upper limit of the frequencies f H is known, but we only have low-rate analog-to-digital converters whose sampling rates are much lower than Nyquist rate. Our sampling strategy is sampling at two rates f S1 = f H /p and f S2 = f H /q, where p and q are relatively prime integers. As shown in Fig. 1 , the original signal is divided into two channels to sample. At the same time point two analog-to-digital converters start to sample at different rates. Then two sequences of samples are obtained:
where the subscripts 1 and 2 denote the parameters of two channels respectively. These samples can be also expressed as
where
We can obtain the following result: Theorem 1: In the set M = {p, q, 2p, 2q, · · · }, where p ⊥ q, there exist infinite integer pairs like a, a + 1. Particularly, in M 1 = {p, q, 2p, 2q, · · · , pq}, two integer pairs a 1 , a 1 + 1 and a 2 , a 2 + 1 can be found.
Proof: According to Bézout's identity, if p ⊥ q, there exist infinite pairs of integers x and y such that px + qy = 1, and these x, y have the period pq. Making x ′ = x, y ′ = −y and x ′ = −x, y ′ = y respectively gets the result.
For example, p = 4, q = 5, then in the set {4, 
( * ) T denotes the transpose operation. By using (4), the time series y and z can be written in matrix notation, namely
and Φ is a diagonal K × K matrix containing the relative phase between y and z for each of the K components
Φ is a diagonal matrix relating the temporally displaced vectors y and z and is therefore referred to as a rotation operator. A is the M × K matrix, namely
The following procedures are similar to ESPRIT. The auto-covariance matrix of y is given by
where σ 2 is the variance of w ′ , I is an identity matrix and S is a nonsingular matrix. ( * ) H denotes the Hermite transpose operation. The cross-covariance matrix of the vectors y and z is given by
Ryy has (M − K) minimum eigenvalues all equal to σ 2 . Define
and consider the matrix pencil given by
If γ = e j2πg k , the k-th row of (I − γΦ H ) will be zero and the pencil (Cyy − γCyz) will decrease in rank. Therefore, e j2πg k (k = 1, · · · , K) are exactly the generalized eigenvalues of the matrix pair {Cyy, Cyz}.
Once the normalized frequency g k are calculated, the frequencies contained in the signal can be estimated.
Simulation result:
In this section, we shall create satisfactory signals and estimate these frequency components. The signals are composed of K complex-valued sinusoids. The frequencies are assumed to distribute uniformly in (0, 100Hz] . The interval of the frequencies is set to be larger than 0.2. The amplitudes and phase angles corresponding to the frequency components are set to be randomly distributed in [0. 1, 1] and [0, 2π), respectively. In the simulations, the two sub-Nyquist sequences are sampled at the rate 100/4Hz and 100/5Hz (i.e. p = 4, q = 5).
In the first simulation, the number of frequency components is set to be K = 3 and the white Gaussian noise at SNR=5dB to 30dB is added. The mean square errors of estimated frequencies different from true Then the SNR is fixed at 20dB and K varies from 1 to 10. For each K, 500 experiments are carried out. In this simulation, if the MSE of one experiment is smaller than 0.2, we say that this is a successful experiment. We compare the success probabilities of proposed method and conventional ESPRIT. As shown in Fig. 3 , the probabilities of success are higher than 90% when K ≤ 5. The probabilities decrease for both methods when K increases. The probabilities of conventional ESPRIT are slightly higher than the proposed method when K ≥ 5.
In the last simulation, we investigate the impact of under-sampled multiples p and q. The p, q are set to be 5, 7, 10, 11 and 20, 21 respectively. The number of frequency components is set to be K = 3 and the white Gaussian noise at SNR=5dB to 30dB is added. For each SNR, 50 experiments are carried out. In Fig. 4 , we see that the mean square errors for different p, q are at the same level. This indicates that undersampled multiples have little influence on the results. So the proposed method allows us to sample at quite high under-sampled ratios. 
Conclusion:
The letter proposes a new method based on ESPRIT to estimate the frequencies of complex sinusoids with double-channel subNyquist sampling. This method is easily implemented in hardware and requires small amount of calculation. The simulations verify its validity and accuracy. The method can hold the same level of accuracy with conventional ESPRIT in general. Moreover, the under-sampled ratios have little influence on accuracy, which allows much lower sampling rates.
